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It is shownthat the naturalcomplexstructureover theloop superspace,Q~1~’,associated
to the Neveu—Schwarzsuperstring,is invariant not only under pure rotations (S’) but also
underthelessevidentsymmetrygroupOSp(112) ~ Superdiff5’. [Moreover, it is provedthat
thereis a uniqueLorentz andOSp(l 12) invariantcomplexstructureon Q~tt~’.]This result
implies that the superspaceof all admissiblecomplexstructuresoverQMY’

1’ is isomorphic to
thehomogeneousKählersupermanifoldSuperdiffS7OSp(112)ratherthan to SuperdiffS’/
5’ aswasstatedby Harari Ct al. [NucI. Phys.B 294 (1987) 556] andZhaoetal. [Phys. Lett.
B 199 (1987) 371.TheRicci curvaturefor SuperdiffS’ /OSp(112) is calculated.Applying the
methodofgeometricquantizationto theNeveu—Schwarzsuperstring,weconstructa represen-
tation of superstringvacuain termsof antiholomorphicand horizontal sectionsof a certain
vectorbundleoverSuperdiff5’ /OSp(112); it is provedthatsuchsectionsexistonly in dimen-
sion 10. We alsoperforma geometricquantizationof the Ramondsuperstringtheory. Again
ourconclusionsdo not matchwith thoseof Harari et al., becausewe usea different complex
structureon the 1oop superspaceQtvfldRId associatedwith Ramondsuperstrings;this complex
structureis responsiblefor thefermionic natureofthecorrespondingvacuumstates.
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1. Introduction

Applying methodsof geometricquantizationto the phasespacefor openho-
sonic strings, Bowick andRajeev [1] founda new purely geometricandnon-
perturbativeformulation of string field theories.The cornerstonein their con-
structionis the space,,~.#,of all complexstructuresover the spaceofbasedloops
QR”~” (consistingof all ioopsin d-dimensionalMinkowski space—timeRd_n
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passingthroughthe origin), which aretransformedinto eachotherby the group
Diff S’. In ref. [1] Bowick andRajeevidentifiedthe spaceJ/ with the homoge-
neousKählermanifold DiffS1/5’ becauseof the obviousinvarianceof thenat-
ural complexstructureover ‘“ underthe group of rigid rotations(S’). In
ref. [2] we proved,however,thatthiscomplexstructure,J, is actuallyinvariant
undera largersymmetrygroupSL(2, R) ~ Diff S1. Moreover,we showedthatJ
isaunique(upto Diff S’ transformations)LorentzandSL(2, R) invariantcom-
plex structureoverQR’~’~1”.This result leadsto the importantconclusionthat
the spaceof complexstructuresoverQR”~ “ shouldbe identifiedwith the ho-
mogeneousKählermanifold Diff 5i /SL(2,R) (rather thanwith Diff S1/S’),
which in turn impliesthat reparametrizationinvariantnon-perturbativeground
statesof the openbosonicstring are representedas non-trivial antiholomorphic
and horizontal sectionsof the tensorproduct bundle, .~®P,over Diff S’/
SL(2,R), where~ andrarethe vacuumFockbundleandthe antiholomorphic
canonicalbundle,respectively.This result doesnot changethe cleargeometric
interpretationof the critical dimensionmadeby Bowick andRajeev [1], since
non-trivial antiholomorphicandhorizontalsectionsof ~ ®f havebeenproved
to existonly in dimension26 [2].

It istempting,therefore,to makeamorecarefulanalysisof thesymmetrygroup
ofthenaturalcomplexstructureovertheioopsuperspaceassociatedto theNeveu—
Schwarzor Ramondsuperstringtheory.In section2 of thispaperwe showthat
in thecaseof theNeveu—Schwarzsuperstringthecomplexstructureoverthecor-
respondingloopsuperspace,Q~ isinvariantnot only underthegroupof rigid
rotations(S’), but alsounderthelesstrivial supergroupOSp(112)~ SuperdiffS1.
This resultleadsto the importantconclusionthatthe superspace,~‘ff,of all com-
plex structuresover Q~d~dshouldbe identified with the homogeneousKähler
supermanifoldSuperdiffS’ /OSp(112)ratherthanwith SuperdiffS1/S1as in refs.
[3,4]. We calculatetheRicci curvatureof Superdiff5i /OSp(112)and,applying
methodsof geometricquantizationto the Neveu—Schwarzsuperstringalongthe
lines suggestedby Bowick andRajeev,we constructarepresentationof super-
stringvacuaas non-trivialantiholomorphicandhorizontalsectionsof the tensor
productbundle,~®1, over SuperdiffS1/OSp(112).It is shown that such sec-
tions existonly in dimension10.

In section3 we showthatboth the complexstructureon the phasespaceof
openRamondsuperstringsandthe phasespaceitself arenot definedquite cor-
rectly in ref. [3]. Our conclusionsare that the fermionic zero mode in the
Ramondsectorshouldberetainedin the phasespaceandthe complexstructure
on Q~d shouldbe appropriatelymodified.Thegeometricquantizationproce-
dure basedon the modified complex structureresultsin a representationof
Ramondsuperstringvacuain termsof antiholomorphicandhorizontalsections
of thetensorproductbundle,~ ®P, overSuperdiff 2 The novelty com-
paredto refs. [3,4] is that thesesectionsfurnish aspinor representationof the
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Lorentzgroup.Thusthemodifiedcomplexstructureon themodifiedphasespace
is responsiblefor thefermionicnatureofRamondsuperstringgroundstates.This
conclusionis in full agreementwith the resultsobtainedby standardoperator
methods[5].

2. Geometricquantization of the Neveu—Schwarzsuperstring

2.1. SYMMETRY GROUPOF THE NATURAL COMPLEXSTRUCTURE

Let W’~°be the usual even (dJ0)-dimensional Minkowski space and
~flOId~H~fldIO the correspondingodd (OId)-dimensionalspace,Jlbeingthe par-
ity operator[6]. Let usdenoteby ~vll~)~’thespaceof all maps

x~w:~

with periodicboundaryconditionsin the bosoniccoordinatesandantiperiodic
boundaryconditionsin the fermioniccoordinates.An elementof 2’~1did is apair
(xv, ivy) consistingof abosonicfunctionx~(a)anda fermionicfunction~u’~(a)
whichsatisfytheboundaryconditionsx°(0)=x~(2ir),w°(O)=—~~(2ir),u=0,
1, ..., d— 1. We alsodefinethe space,Q~I~’,of basedsuperloopsas the quotient
space fl~’/~vfl’~’°.The space may be identified with the subspaceof
2’~d~consistingof all superloops(x, w) withbosonicloopxbeginningandend-
ing attheorigin of ~,fl”~0It hasbeenshownin ref. [3] thatthe spaceQ~vfl~)~‘may
beinterpretedeitheras theconfigurationspaceforclosedNeveu—Schwarzsuper-
stringsor asthe phasespacefor openNeveu—Schwarzsuperstrings.

The infinite dimensionalsuperalgebra,SuperdiffS1, associatedto the group
SuperdiffS1 isgivenby

[Lm, L~]= (m—n)Lm±n, [Lm, Gr]~ (~m—r)Gm±r,

[Gr,Gs]2Lr±s, (2.1)

whereLm andG~arethe bosonicandfermionicgenerators,respectively,of the
super-diffeomorphismgroup (theindicesm, n rangeoverthe setof integers,while
theindicesr, srangeovertheset of half-integers).

Let usconsiderthevectorfields

Lm_iJdae1ma[~~ ~
dcr ~x~(a)

+ (d~iu(a)+i~Wfl(a))~~)]~

1 / 8 .dx~’(a) 8Gr j dae ci.~yJ~(a) 6x~(a)+1 di 6yP~(ci))’ (2.2)
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on ‘~fl~J~’.They satisfythe commutationsuperalgebra(2.1) andprovidethusa
representationof the superalgebraSuperdiff5’ on ~

If weexpandtheloopsx°(a)andyP~(a)in their normalmodes,

x~’(a)= ~ x~e”°,
n~7L

~
rez±I

thenthe setof modes{x~,’,~ ne7L, r=7L+ ~}providesanaturalcoordinatesys-
temon 2’~vl~,while the set of modes{x~,~ nel\0, rEZ+~}providesa co-
ordinatesystemon QR~A1~’.In thischartthe generators(2.2) of SuperdiffS’ ac-

quiretheform

a
Lm = — ~ (n+m)x’±~_~,~, I.

nEZ

— ~ (r+m/2)W~s_m~,

Gr ~ W°_n_r
4+ ~ (T+S)X~s_r~~. (2.3)

ncZ

Let J be a Lorentz invariantalmostcomplexstructureover 2’~1~’.It is best
realizedasan integraloperator,

J(W)= J dada’([J00(a, a’) W~(a’)+J°’(a,a’)~(a’)] 6x°(a)

+ [J’°(a, a’) W0(a’)+Jhl(a, a’)~°(a’)]

(2.4)

where

W= Jda( Wv(a)
6~~~ +~(a)8~)) (2.5)

is an arbitraryvectorfield on ~fRv1I~’ [the integralin (2.4) is understoodin the
senseofthe principal value,i.e., lim~.0(Jg~~+f~,~)].Thenthe condition

(2.6)

takesthe form

J da’ [J°°(a, a’) J°°(a’,a”)+J°’(a, a’) J’°(a’,a”)] = —ô(a—a”)

J da’ [J’ ‘(a, a’) Ju(a~,a”)+J’°(a, a’) J°’(a’, a”)] = —ö(a—a”)
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J da’J°’(a, a’) [J°°(a’, a”) +J’’(a’, a”)] =0,

J da’J’°(a,a’)[J°°(a’,a”)+J’’(a’,a”)]=O. (2.7)

Ournexttaskisto find thosecomplexstructureson ‘~A~’whichareinvariant
underthe actionof avectorfield Lk for someke 1, or a vectorfield Gr for some
re7L+ ~. Suchacomplexstructurehasto satisfytheequation

(2.8)

or the equation

(2.9)

respectively,where5t’~standsfor theLie derivativealongavectorfield W.

Todecodethe hieroglyphs(2.8) and(2.9) in termsofthekernel(2.4) wenote
thateqs. (2.8) and (2.9) areequivalent,respectively,to thefollowing equations:

J([Lk, V])=[Lk,J(V)] , (2.10)

J([Gr, JV])[Gr,J(J4”)] , (2.11)

whichmustholdfor arbitraryvectorfields VandWon ~

First wecomputethe commutators

[Lk, V] = —i J J dada’e~’ {dxa 6x”(a’)

[/d .k\ 16V~(a)) 6+II——I—i—I1/1~(a’\ I 5
[\~da’ 2) ~‘ ‘ ‘]6x’~(a’)j 6x~(a)

—i I’ 1 dada’e~~w’~‘dx~(a’) 6V~’(a)J J L da’ öx~(a’)[Id .k\ 16VE(a)1 6
+ I I +1 — I “~a’~I 5

[\~da’ 2) “ ‘ ‘]6x°(a’)j 6~~(a)

+i 1 Ida e’~~dV~(a) 6J J l~ da 6x~(a)[Id .k\- 1 6+ [~_+L~) Vv(a)]6 V()

and
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[Gr, W]= JJdada~ei(~(~x )61’ +~‘1(a’)öW~(a)’~ 6da 6w (a) 6x°(a)j6x~(a)

+ JJdada’ei~’(i~(a’) 6~°(a)+~‘~(a’)6~VE(a)~ 6
\, da’ 6Wv(a~) 6x~’(a’)J6~~(a)

11 I.dW~(a) 6 — 6
— dae~(i +W~(a)

J J \ da 6Wv(a) öxE(a)

whereweusedtheidentities

62 62 62 62

6x~(a)6x~(a’)= 6xv(a~)6x~(a)’ 6x~(a)6~~(a’)= ö~~(a’)6x°(a)

62 62

6~~’(a)6~t,E(a~)= — 6~it~’(a’)ö~~(a)

It is now straightforwardbut tediousto checkthat eq. (2.10) holdsfor any V

providedthealmostcomplexstructure(2.4) satisfiesthe equations

e~~_J00(a,a’)+ ~ [J°°(a, a’) e~w’]=0,

eu17~_J0i(a,a’)+ (i-, ~ [J°°(a, a’) e°~’]=0,

[J10( a, a’ ) e’~’] =0

e’~~(~—+i~)Ju1(a,a’)+ (~-_~~)[J”(a, a’) e1~~’]=0, (2.12)

whileeq. (2.11) is satisfiedfor any Wif andonly if

~ a’)= ~— [J’’(a, a’) e’~”]

e’~’J’’(a,a’)=J°°(a,a’) ~

e1~~JiO(a,a’)=i~—~[J°’(a, a’) elkr’]

e1~aJot(a,c’)=J’°(a, a’) e”~. (2.13)

Thus eqs. (2.12) [eqs. (2.13)] providethe necessaryandsufficientconditions
for the almostcomplexstructure(2.4) to be invariantunderthe actionof the
vectorfieldLk, ke7L [Gr, re7L+fl.

Ifk=0, theneqs. (2.12) taketheform
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d d
a’)+ ~j—J°°(a,a’)=O,

d d
(a, a’ )+ ã— J°’(a, a’ ) =0

d d
a’)+ ~— J’°(a,a’)=O,

d ,, d ,,
~—J (a,a)+~—~J(a,a)=0,

which imply

J°°(a,a’)=J°°(a—a’), J°’(a,a’)=J°’(a—a’)

J’°(a,a’) =J’°(a—o”) , J’’ (a, a’) =J’’ (a—a’) - (2.14)

This is an expectedresult,sincea solution of the equation,~0J=0mustbe in-
variantunderrigid rotations(S’).

Let usnowfindconditionson analmostcomplexstructureJover~2’~I~fl~’which
ensurethe invarianceof Junderthe actionsof both the vector field L0 anda
vector field Grfor somercZ+~.From (2.7), (2.13) and (2.14) it follows that
suchanalmostcomplexstructure,which wedenoteby Jr, necessarilysatisfiesthe
equations

.J~’(a—a’)=0, J~°(a—a’)=0,

J,’’(a, a’)=e°~J~°(a—a’)

(e

21~0_~~_1) Joo(a a’) =2irJ~?°(a—a’),rEl+ ~. (2.15)

Thelatterequationissolvedby

J~°(a—a’) =A( 1 _e21r~_d7’))_i

= — ~A e21rt~~0~~[1+i cotan(ra)]

for someconstantA. It is easy to checkthat the functions J~°(a—a’)and
J~’(a—a’) with r= ±~ canbe normalizedso as to satisfyeqs. (2.7).Therefore
we concludethat there exists a unique almost complex structureJ±1/2 over
‘~~‘fl~’which hasthe kernel

J~,
12(aa) —ie’~~[1+i cotan~(a—a’)]

=~i ~ e”~+i ~ e
1rna,

mS-’l m<i
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J±,,2(aa)ie~[1+icotan~(aa)]

=—i ~ e~+i~
r>O r<O

J?~,/2(a—a’)=0, J~°,/2(a—a’)=0,

andis invariantunder the actionsof L0 andG~1/2, andthereis also a unique
complexstructureJ_, /2 on ~ which hasthe kernel

J~°1/2(a—a’)=—i[l +i cotan~(a—a’)]

~ e
1ma+i ~

pn~O ,n<O

J~,/
2(a_a~)=_ie(h/

2a_a)[1+icotan~(a_a~)]

~ e”~+i~ e’~,
r>O r<O

J~’,/
2(a—a’)=0, J~,/2(a—a’)=0,

andis invariant underactionsof L0 and G_ 1/2- Fromthe commutationsuperal-
gebra(2.1) it follows thatJ~1/2 mustalsosatisfytheequation,~, J+1 /2 = 0, while
..,J_,/2 =0.Thesefactscanbecheckeddirectly with thehelpof eqs. (2.12).

Thus we constructedapairof almostcomplexstructures,J±i/2 andJ_,/2, on
~ whichareuniquesolutionsof the following equations:

1/2 ~G_,/2J_ 1/2 = ~L1J_ ,/20

The complexstructureJ~,/2 whenappliedto atangentvector

W= Jda( W~(a)6E( )

with

W’
2(a) = ~ W~e”~, J~”= ~ W~e’~

nEZ rEZ+4

givesatangentvectorJ~i/2( W) withcomponents

~ sgn(n) W~e”~,

n�O

—1 ~ sgn(r) W~e1’~,
rEZ+

while

(J_,/
2(W))~= —iW~—i~ sgn(n) W~e”~,

n�O
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(J_,,2(W))~=—i~ sgn(r) ‘~e’~.
rEZ+)

The crucialpoint of ourdiscussionis that the (L0, L,, G,/2)-invariantalmost
complexstructureJ~1/2 and the (L0, L_,, G_ ,12)-invariantalmost complex
structureJ_, /2 differ from eachother only by their actionson the zero mode
W~’.This differencebecomesirrelevantwhenwe go to the quotientsuperspace

~//p~diO Thus we concludethat the almost complexstructuresJ~1/2 and
/2 induceoneandthesameintegrablealmostcomplexstructure,

J(W)=—i ~ sgn(n)w~a/ax~
n�O

—i ~ sgn(r) ~a/aw~, (2.16)
rEZ+ J

on QRv1~’,which coincidesexactlywith the naturalcomplexstructureusedin
ref. [3].

AnotherconclusionisthatthecomplexstructureJis invariantunderthe action
of the subgroupOSp(1 12) of Superdiff5’ generatedby thevectorfields L_,, L0,
L1, G,/2 andG_,/2,andthisis a uniquecomplexstructureon QRv1dN~~havingthis
property.This resultimpliesthatthesupermanifold,~, of all complexstructures
on Q~v1l~’ whichareconnectedto eachotherby Superdiff5’ is isomorphicto the
homogeneoussupermanifoldSuperdiff51 /OSp(112)ratherthanto SuperdiffS’/
5’ aswas claimedin refs. [3,4].

2.2. RICCI CURVATURE OF SuperdiffS‘/OSp(112)

Let usnow computethe Ricci curvatureof~,#=SuperdiffS’/OSp(1I2).Let
Km, ~E 7, andH,., r~Z + ~ begeneratorsof the Lie superalgebraof thesuperdif-
feomorphismgroupof the circle, Superdiff5’. We usethe samesymbolsto de-
notethe correspondingleft invariantvectorfieldson SuperdiffS’, which,by con-
struction,satisfythecommutationsuperalgebra

[Km, K~]= (m—n)Km±n, [K,,,, Hr] (im—r)Hm±r,

(2.17)

atthe origin. A generaltangentvectorto .~#at its origin is alinearcombination

~ OnKn+ ~ OrHr.
n�±i,O r�±1

The naturalalmostcomplexstructurefat the origin of .~tis definedby [3,4]

~ —isgn(n)0,,L,,+ ~ —isgn(r)0~G~. (2.18)
nE#±i,O r#±J

At otherpointsof..~thealmostcomplexstructureis definedby left translations.
From the theoryof invariantalmostcomplexstructures(see,e.g., ch. 10, §6 in
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ref. [71)andthe commutationrelations(2.17) it follows that the almostcom-
plexstructureI is integrable.This establishesthat~#is acomplexsupermanifold.

ThereexistsauniquehomogeneousKählerform won it’. By homogeneity,one
needsto determinew only attheorigin of~.Uponcomputationwefind thatthe
closenesscondition dw=0 implies the following explicit expressions(cf. refs.
[3,4]):

(D(Krn, Kn)a(m
3—m)~5m,_n,

W(Krn, Hr) W(Hr, Krn)0,

W(Hr,Hs)a(4r21)ör,_s, (2.19)

wherea is anon-zeroparameterandm, nEZ\{± 1, 0}, r, SE{Z+ ~}\{ ±~}.
The data (J, w) constitutea Kähler structureon it”, andour nexttaskis to

computethe correspondingRicci tensorusingthe methodproposedby Freed
[8].

First wenotethatthecomplexstructureJgivesthe followingdecompositionof
the complexifiedLie superalgebraC®SuperdiffS’ (at the origin):

C®Superdiff5’ =Jt~+.~E_+C®OSp(ll2),

where~E±is spannedby the generatorsK_rn, H_r (m~2,r~>~)andJi_ is
spannedby K,,,, Hr (m~2,r~4).

NextwedefinetheToeplitz (Op-linearoperator~ by writing

(2.20)

whereV~standsfor the covariantKählerderivativeand,~ the Lie derivative
alongavectorfield X. Thenthe Riemanntensoris given by

R(X,Y)=[ço(X),ço(Y)]—Q~([X,Y]). (2.21)

Thus, in order to computethe Riemanntensoroneshould know explicit
expressionsfor the Toeplitzoperators.Accordingto the theoremof Freed[8],
theyaregivenby

rp(X_ ) = — ir~oadX_ for X_ EJ1_,

~ forX~oJ’/~, (2.22)

wheread meansan adjoint operator,ir~is theprojectionoperatoronto~ and
ç~(X±) + istheadjoint of ~(X.,.) with respectto the Kählermetric.From(2.17),
(2.19)and (2.22) it is not difficult to find (cf. refs. [3,4])

cO(Krn)K_p= —0(p—m—1)(p+m)Krn_p,

co(Krn)H_r= —0(r—m—~)(r+ ~m)Hm_r,

çO(K_rn)K_p (p+2m) (~)(n+rn~K_rn_p,
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~(K_rn)H_r(r+~m) �(r) H_r_rn,
�(r+m)

çO(Hr)K_p= —0(p—r—~)(r+ ~p)Hr_p,

(O(Hr)H_s —20(s—r—1 )K,._~,

~(H_r)K_p2 w(p) H_p_r,
� (p+ r)

c(s) K_,._5,
�(r+s)

wherem~2,r>~~, w(p) ~p
3—pand~(r)~4r2— 1.

Using (2.22) it is nowstraightforwardto computethe Riemanntensor,whose
componentsaredefinedby

R(K~rn,Kn)K~pR qK R(K~m,Kn)H~~ SLYr “mn,. ~ —Smnp —q,

R(H~,.,H
5)H~~=RuLYR(H_r, H5)K_~ ~ ~—q~ rst “~u-

The diagonaltermsof the Riemanntensoraregivenby (thereis no summation
overrepeatedindices)

P ________
— (_O(p_m_l)(p+m)2w(~m)

a) (p)

~
w(p+m)

Q t (_O(t_m_~)(t+~m)2tm)
“mn: — �(t)

+(t+~m)
2 f(t) _2mt)ôm.n~

�(t+m)

Rn—,~ ~ + 4w(p) 2P)ôr,s,
w(p) ~(p+r)

1? 1_ _____ ______
— — — — ~ �(t) +~(t+3r) w(t+r) _2t) ~.( 40(t r 1 �(t—r) 2 f(t)

The Ricci tensorwouldbe given by the supertraceof the Riemanntensorover
p>~2andt~. Justas in the caseofSuperdiffS’/S’ [3,4], we find that the cor-
respondingsumis convergentwithoutneedof a regularizationscheme.There-
suitsare

Ric(K_m,Kn)=—~(m3—m)ôm,n,
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Ric(G_r,Gs)~(4r
2l)ôrs. (2.23)

2.3. VACUUM FOCK BUNDLE OVERSuperdiffS‘/OSp(1j2)

Let usdefinethe symplecticmetric [3]

w( U, V) = ~- J t~ (~a~~ Vv(a)—iU°(a)Vv(a)) da

= i ~mU~.rnV~JpE—i~:Ur~V~r?ipv (2.24)
mEZ rEZ±J

on thephasesuperspace~ of theopenNeveu—Schwarzsuperstring.Though
this metric is obviously degenerateon ~ it can be regardedas a lift to
,2~kv11~of anon-degeneratesymplecticmetricon QrJV11~.)S”,whichwedenoteby the
samesymbolw. Thereforethe quotientsuperspaceQ~ 1= ~‘/~kvl~° comes
equippedwith anaturalsymplecticstructure.The vectorfields (2.3) on
are mapped under the projection ‘—i’QRv1~j into vector fields
Lrn mod(8/8x~),Gr mod(8/8x~)on Q~)~’,which satisfy the samecommuta-
tionsuperalgebra(2.1) andaredenotedby thesamesymbols.Thesevectorfields
areHamiltonianvectorfields (the notationsusedin thissubsectionareexplained
in the appendix),

L~ X.~,, , GrXco,

correspondingto the following functionals:

),,= ~—J da e1 [(~_x(a))+ic9(a) ~—~(a)],

cor=— ~Jdaet~aq1(a)~_x(a) , (2.25)

on Q~Y.I~’(cf. ref. [3]). As follows from (2.1) thesefunctionalssatisfythe fol-
lowing Poissonsuperalgebra:

{‘~rn,~ {‘~rn,~r}(~m1’)c9rn±r,

{~‘r,~9s}2L’1r+s. (2.26)

The LorentzandOSp(112) invariantcomplexstructureon Q~l~ determines
thehermitianinnerproducton tangentvectors,

w(U,JU)= ~ mIUmV+ ~ UrUr, (2.27)
rn~1 r>J

which implies that QRVfl~1 comes equippedwith a Kähler structurewith the
Kählerpotentialgivenby



S.A.Merkulov/ Holomorphicgeometryofnon-perturbativesuperstringtheories 167

~ ~hIXnI2+~ WrW-r

n~.i r>_i

The complexstructureJonQN’s’~determinesaKähierpolarization (seeap-
pendix).From (2.16)it follows thatthesubspaceT’ ‘°Q~vfl~ of thecomplexified
tangentbundleover Q1Jt’fl~”’”~is spannedby all the vectors{a/ax~,a/aw~with
n> 0 and r?~~}. Thus the quantum Hilbert spaceH consistsof functionals
W: Qf~A~—~Cwhichdependonlyonthecoordinates~ ~/1~_r with n>~1 andr>~~.

Our nexttaskis to constructquantumoperatorsru,,) actingon H, whichcor-
respondto the classical“observables”(2.25). The correspondingdetailedcal-
culationscanbefoundin ref. [3] andwe only sketchtheresults.Sincethe oper-
ators(Q,~,,and~, preservethepolarizationfor n ~ — 1 andr>~— ~ andhencemap
the quantumHubert spaceH onto itself, theyare appropriateat the quantum
level andonemaydefine

r(2~)=(9,~,,, r(~~)=4,,, n~—l,r~—1/2.

(In ref. [3] theoperatorr (2o) was definedas ~ + a
0,wherethe constantshift a0

wasintroducedwith theaimto accountfor possiblenormalorderingambiguities.
However,thegeometricquantizationmethodusedin calculatingr(2~)andr(ço~)
hasthe advantageof avoidingthe operatorordering problems,andwe set a0 to
zero.)

Following refs. [2,3] we notethat physicalsuperstringamplitudesshouldbe
invariantunderSuperdiffS’. SincethecomplexstructureJusedin the construc-
tion of the quantumHubertspaceH changesunderthe actionof a generalele-
mentof Superdiff5’, we should considerthe spaceit” of all complexstructures
on Q~4J~which aretransformedinto eachotherby Superdiff5’. In subsection
2.1 it is provedthat

it”=SuperdiffS7OSp(112).

Let usdefineaFock vectorbundlem: .~ —* it” over,~#with thefibre ,~— ‘(J) at a
point JE ...# beingisomorphicto the quantumHubertspaceH~constructedwith
thehelp of thecomplexstructureJ.

Thetangentspaceof the supermanifoldSuperdiff5’ /OSp(112) is spannedby
vectorfields K,,, Hr with neZ\{ — 1, 0, l}, which atthe origin satisfy the com-
mutationsuperalgebra(2.18). If onedefineson the Fock vacuumbundle~ the
connection

(2.28)

then it is easyto showthat this connectionleavesthe hermitianinnerproduct
(2.26)on ~ invariantif andonly if [3]

r(2_~)= — [r(2,,) ] ± r(ço_,.)= [r(~,.) ] ±
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wherethe superscript+ denoteshermitianconjugation.Theseexpressionsde-
fine theoperatorsr(2,,) andr(çor) for n< —1 andr< — ~. It is worthpointingout
that

1 = — [ ~tl 1 ±, C
5~_,I2= [ ~pI/2] ±

Thecurvatureof theconnection(2.28) isgivenby [3,41
F(K_,,,, K,,)= [VK_,,,,

17K,,] —

= [r(2_,~), r(2~)] + (m+n)r(2_,,,~,,)

=

F(H_r, H~)= [r(H_,.), r(H
5) I —2r(K_,.±5)

= ~d(4r
2— 1 )örs,

whered is the dimensionof space—time.

2.4.INVARIANT VACUA OFTHE NEVEU-SCHWARZSUPERSTRING

Accordingto refs. [2—4],SuperdiffS’ invariantvacuafor theNeveu—Schwarz
superstringmayberepresentedby antiholomorphicandcovariantlyconstantsec-
tions of the tensor product bundle ~®f over the supermanifold,
Ji= SuperdiffS ‘/OSp(112),of all complexstructuresover Q~ where~ is
theFockvacuumbundleandPthe anticanonicalline bundleover~t.

Thus the condition necessaryto define a Superdiff5’ invariant superstring
vacuumisthevanishingof thetotalcurvature,

F(K_,,,, K,,) +Ric(K_, K,,) = ~ (d— 10) (m3—m)ö,,,,,

F(H_r, H
5) +RjC(H_r, H~)= ~ (d— 10)(4r

2— 1 )5r.s

of thebundle~ ®f. This ispossibleif andonly if d= 10.Thusit istheflatnessof
the tensorproductbundle~®f that yields the critical dimensionof 10 for the
Neveu—Schwarzsuperstringin thegeometricquantizationapproach.

3. Geometricquantizationof the Ramondsuperstring

Let usdenoteby ,2i~vfl~j”the spaceof all maps

xc~’w:[0,
2~]did~dio~~0id

with periodic boundaryconditionsin the bosonic coordinatesand periodic
boundaryconditionsin the fermioniccoordinates.An elementof,~l~is apair
(x”, ~t”) consistingof abosonicfunctionx”(a) andafermionicfunctionw°(a)
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which satisfythe boundaryconditionsx”(0)=x~(2ir),w°(O)=w”(2ir),u=1,
d. We alsodefinethespace,Q~1,1~J”,of basedsuperloopsasthe quotientspace

,~

4id/~t4dI0 The spaceQ~vfl~”maybe identified with the subspaceof 1I~fl~

consistingof all superloops(x, w) with bosonicloopx beginningandendingat
the origin of ~vfl~’

10.It hasbeenshownin ref. [3] thatthe spaceQ~j~2’maybe
interpretedeither as the configurationspacefor closedRamondsuperstringsor
asthe phasespacefor openRamondsuperstrings.

Let usconsiderthevectorfields

L =—i Idaetma[~(°) 6rn [ da 6x°(a)

Id~”(a) .m \ 6 1
da

Gr= $dae~~’(w”(a)6x~~(a)+~d 6M~)’ (3.1)

on ~ wherebothm andr rangeoverthe set of integers2. They satisfythe
commutationsuperalgebra

[L,,,, L,,] =(m—n)L,,,~,,, [L,.,.,, Gr] (1mt)G,n±r,

[Gr,Gsl2Lr±s, m,n,r,seZ,

andprovidethusarepresentationofthesuperalgebraSuperdiff5’ on 2’II,fl~[cf.
(2.1), (2.2)].

If weexpandtheloopsx°(a)and~u~’(a)in their normalmodes,

~ ~
mE7Z

~
rE 7

thenthe setof modes~ ~ ne2,rc7L} providesa naturalcoordinatesystem
on ,~O~fld~id,while the setof modes{x~,~‘, nel\O, rEZ} providesa coordinate

systemon Qp~did

Thereis anaturalsymplecticmetricon ,22~~fl~Qd [3],

w( U, V) = ~— J ~ (u~a)~—V~(a)—iU~’(a)Vv(a)) da

~ mU~mV~,i~p—i~ UrV..rll,
2v. (3.2)

~flEZ rEZ

Thoughthismetric is obviouslydegenerateon 2’~I4~,it canberegardedasalift
to 2’M~’a’ of anon-degeneratesymplecticmetric on Q~ a’ which we denoteby
the samesymbol w. Thereforethe quotient superspace~ d= ~ ~ia’/P,yfldiO
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comesequippedwith anaturalsymplecticstructure.The vectorfields (3.1) on
are mappedunder the projection ~Q~tv~j” into vector fields

Lrn mod(a/ax~),Gr mod(8/8x~)on QftVfldN~~,which satisfythe samecommuta-
tion superalgebra(3.2) andaredenotedby thesamesymbols.

Up to nowourdiscussionof the Ramondsuperstringtheorysimplymimicsthe
previousdiscussionof the Neveu—Schwarzsuperstring.If, however,we attempt
naivelyto defineacomplexstructureon ~ by thesameformulae (2.16) as
in the caseof the Neveu—Schwarzsuperstringtheory,we immediately face the
problemof definingthe actionof Jon the fermioniczeromodeiti~. In ref. [31it
wasproposedto solve this problemby usingthe quotientspace~j’/’vl’~ in-

steadof Q~fldid )~did/f~
1diO This proposalis, however,incorrect, sincethe

naturalsymplecticmetric (3.2) on 2’~~a’ is nota lift of a non-degeneratesym-
plectic metric on fla’R~/f~W”’~.The calculationsin ref. [3] were actually per-
formedfor objectsdefinedon Q~YI~a’ratherthanon

Thus in order to defineacomplexstructureon we haveto define an
almostcomplexstructureJ0 on ~Vfl°~. We supposefrom now on thatd=2k for
somekEZand~V11”°is a Euclideanspace.Thelatter suppositionis takenonly for
simplicity with themotivationthat in the Euclideancaseit turnsout to be suffi-
cientto usesolely Kählerpolarizationsin the geometricquantizationscheme.
Thecaseof space—timewith flat Lorentzianmetriccanbeequallywell studiedby
methodsof geometricquantization,thoughit requiresthe useof a slightly more
complicatedpolarizationof mixed type.

We defineJ0by writing

.Jo(a/aw~a)=a/a~/~a_I, J0(a/aw~,”—’)=—a/aw~, (3.3)

wherea= 1, ..., ~d. Thenwe definethe following complexstructureon

J(W)=—i ~ sgn(n)W~8/8x~—i~ sgn(r) l~8/8~~’
n�0 r�0

(3.4)

where

w= ~ w,,~a/ax,,~+~
n�0 rEZ

is anarbitraryvectoron
Thecomplexstructure(3.4) on Q~~j”determinesaKählerpolarization (see

appendix).The subspaceT”°Q~)’~ of the complexifiedtangentbundleover
Qf~1~~idis spannedby all thevectors{a/ax~,a/aw~,a/a~=a/8tii~”—’—i a/aw~”,
with n>O,r>.0 anda= 1, ..., ~d}. Thusthe quantumHilbert spaceH consistsof
functionals Q~lifl~’—+Cwhich dependonly on the coordinatesX°_,,,Y1~_rand
~a~,~a—1 —iw~”with n, r>0 anda= 1, ..., ~d.

At first sight it might appearthat the constructedquantumspaceH is incon-
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sistentwith SO(d)invariance.Fortunatelythisis not so. Fromthe Clifford al-
gebradescriptionof spinors(seee.g.refs. [5,9]) it follows thatthe spaceH fur-
nishesa spinorrepresentationof the space—timegroupSO(d). Thus within the
geometricquantizationapproachto the Ramondsuperstringit is the complex
structure (3.4) that is responsiblefor the space—timefermionicnatureof super-
stringgroundstates.Thisresultis in full accordwith the usualoperatorapproach
to quantizationof thistheory [5].

Usingthe samemethodsas in subsection2.1 onemaycheckthat the complex
structure(3.4) is invariantundertheactionsof thevectorfieldsL0 andG0. This
resultimpliesthatthe supermanifoldit” of all complexstructureson Q~vl~ja’ which
are connectedto eachotherby Superdiff5’ is isomorphicto the homogeneous
supermanifoldSuperdiffS7Super5’ justas in refs. [3,4].

Therestofthe geometricquantizationprocedureis the sameasin refs. [3,4].
Thecurvatureof the FockvacuumbundleoverSuperdiffS’/Super5’ isgivenby
[3,4]

F(K_,,,,K,,) = ~dm
3ô,,,,,, F(H_r, H~)= ~dr25,.

5

whilethe Ricci curvatureof SuperdiffS ‘/SuperS’ hasthe form [3,4]

R’ ~K ‘— ~ ‘ ~ 2,~ic~ ~,,,, ~ 8 lfl ,,,,,, ic~ —r, sj r

SuperdiffS’ invariantvacuafor the Ramondsuperstringare representedby
antiholomorphicandcovariantlyconstantsectionsof the tensorproductbundle

over SuperdiffS ‘/SuperS’. The conditionnecessaryto definesucha sec-
tion isthevanishingof the totalcurvature,

F(K_,,,,K,,)+Ric(K_,,,,K,,)=~(d—10)(m
3—m)ô,,,,~, -

F(H_T, H
5) +Ric(H_r, H5) = ~ (d— 10) (4r

2— I )ö,.
5,

of thebundle~ ®f. This is possibleif andonly if d= 10. Thus the only novelty
the complexstructure(3.4) bringsinto the holomorphicdescriptionof Ramond
superstringsis that the correspondinggroundstatesfurnish a spinorrepresenta-
tion of S0(d).

A final remark is in order.Nag andVerjovsky [10] provedthe Kählermani-
fold Diff S’ /SL(2, R) is a dense complex supermanifoldof the Universal
Teichmüllerspacewhich containsall the Teichmüllerspaces,~, g>~1, corre-
spondingto compactRiemannsurfacesof genusg. If non-perturbativebosonic
stringamplitudescan indeedbewritten as integralsoverDiff S’/SL(2, R) with
themeasuredeterminedby thecanonicalKählerstructure,thenthe resultof Nag
andVerjovskygivesaninstrumentfor comparingnon-perturbativestring theory
with the standardsum-over-moduliapproach.It is natural to suggestthat the
supermanifoldsSuperdiffS’/OSp(l 2) and SuperdiffS’/Super5’ are analo-
gouslyrelatedto the“UniversalTeichmüllersuperspace”associatedwith super-
moduli of SUSY curves.
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Appendix A. Reviewof geometricquantization

Thegoalofthe programmeofgeometricquantization[11,12] is to find a“nat-
ural” andrigorousway to associateaquantumHilbertspace,H, to aphasespace
of someclassicalsystems.Thelatter is describedby asymplecticmanifold, i.e. a
pair (M, (0), consistingof a2n-dimensionalmanifoldM, togetherwith anon-
degenerateclosedtwo-form, co, on M. The ring of functions,~ on M comes
equippedwith aLie algebrastructurerepresentedby thePoissonbracket

{fg}=—rn(X1,Xg), (A.l)

wherefandg arearbitraryfunctionson M, andX1 =— —rn~’(df), Xg~~rn_i (dg)
arethecorrespondingHamiltonianvectorfields,which,asonemaycheck,satisfy
therelation

[Xe,Xg] = X[f:g} . (A.2)
A prequantizationof the classicalsystem(M, rn) underconsiderationis arep-

resentationof the Lie algebra,~ of functionson M (“observables”)in some
prequantumHilbert spaceH, i.e.alinearmapping(9: ~~-±dJ?,f--* (s-, from ~ to
the Lie algebra,d~,of operatorsactingon P. It is supposedthat this mapping
satisfiesthe condition

[(9,, (9g]~i(9~g} (A.3)

for anyf~gr~.
Thefirst elementofthegeometricquantizationschemeis ahermitianline bun-

dlep: L—~Mequippedwith a connectionV leavingthe hermitianscalarproduct
invariant.If roundbrackets( , ) denotethe hermitianscalarproduct,if Wand

aresmoothsectionsof L, andif Xis a vectorfield on M, the invariancecondi-
tion reads

~ (A.4)

If thesymplecticform w hasintegralperiods,thenthereexistsahermitianline
bundleL—~.Mequippedwith aconnectionVsuchthatits curvaturetensorisgiven
by

[i
7~~V~]— V[XY] = — iw(X, Y) . (A.5)

The spaceof smoothsectionsof this bundleis a “natural” candidatefor the
vacantpositionof aprequantumHilbert spaceii with the innerproductdefined
by

<W,cP>=J(W,~)detw~ (A.6)

andthe following explicit operatorrealizationof a functionfE~cd,~:
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f-±(9
1—i V,(.,.+f, (A.7)

whereX,- is the Hamiltonianvectorfield associatedwith j It is an easyexercise
to checkthat theoperators(A.7) do satisfytherequirement(A.3).

The constructedprequantumHilbert spacePviolates,however, the uncer-
tainty principle (the “wave functions” ¶1’ and 2~dependon both the “momen-
tum” and “position” variables).Therefore,in orderto describequantumme-
chanicsonehasto find a “natural” way to eliminaten degreesof freedom.We
shallassume,from now on, thatM is a Kählermanifold, i.e., it admits botha
symplecticstructurern andan integrablecomplexstructureJwhich satisfy the
conditionthatthemetric definedby

g(X, Y)=w(X,JY) (A.8)

is hermitian.The complex structureJ splits the complexified tangentbundle
C®nTM into adirect sum,

C®~TM=T”°M+ T°”M,

ofcomplexsubspaceswith theproperty

JlT,,oM= —iidlT,,oM, j1T0.1M1 idlTo,,Af.

The integrability of the complexstructuresis equivalentto the closednessof
the n-dimensionaldistribution T’ ‘°Mundercommutation:

[V, W] modT”°M=0,

for anyV, WeT’-°M.
The secondelementof thegeometricquantizationschemeis thequantumHil-

bert space,H, the spaceof polarizedsections.By definition, this spaceis a sub-
spaceofPconsistingofthosesections,W, of the line bundleL whichsatisfythe
polarizationcondition

(A.9)

for anyvectorfield VcT’ ‘°M.
If aclassicalobservablef is suchthat its Hamiltonianvectorfield satisfiesthe

condition

2’~X~(mod T”°M)=0

for anyVET“°M, thentheprequantumoperator(9~givenby (A.7) is alsoappro-
priateat thequantumlevel, sinceit preservesthepolarizationconditionandde-
finesa map(9~:H—i’H.

SinceM is a2n-dimensionalKählermanifold, it canbe coveredby complex
coordinatecharts{Zm, m= 1, ..., n} in whichthe symplecticform takesthe form

~
0rnn= —i öm8flK,
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with Kbeingthe Kählerpotentialand8m8/8Z
m, 8~=8/8z°.Therealwaysexists

a gaugein whichthe correspondingcovariantderivativeson L aregivenby

Vrnam, Vfl=8,,—8flK.
It is easyto checkthattheseoperatorsleaveinvariantthe hermitianproduct

(W, ~)=~/Pe~’~

on L. Thepolarizationconditiontakesnow the form

örnWO,

whichimpliesthatthequantumHilbert spaceHconsistsof antiholomorphicsec-
tionsof theline bundleL whicharenormalizablewith respectto theinnerproduct

<~~>=J~e_Kdetw. (A.lO)
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